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Goals

We want to reconstruct scalar values (densities) from xiraa-
surements, using a cone of x-rays, measuring the loss afigiye
with a plane detector array. The process looks like the violg:

e Send x-rays through object
e Measure loss of intensity

e Reconstruct the density
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e Mathematically:  invert the —

cone beam transform

3D CT has applications In

:netc_llcme and non-destructive Figure 1: Measurement setup
esting.

Cone beam transform D

It Is defined by

[Df](a.6) = fo T Hasto)dt (1)

a source point on the scanning cuive
@ direction of ray,
f the searched for density,

and the adjoint operator Is

. B 1 X—a
g0 = frllx— al|2 g(IIX— all) da @)

Approximate Inverse

e \We are looking for the solutioh of Af = g.

e Instead off, we reconstruct an approximate versippwith the
property

f, -t asy\,0.
e Solve auxiliary problem
A*%/(Xa ) — e}/(xa ')9 (3)

with chosemmollifier e, andreconstruction kernel,, and define

B (%) = (f,€,(% ) = (@ (X)) (4)

e Used for both scalar [2] and vector [5] tomography.
e Advantages

— Auxiliary problem solvable independent of the measurement

—Invariances of the operators can be taken into account.

—Using approximate invariances, the memory requirememea
kept down[4].

—The mollifier can be adapted to the problem. In our case, iilsho
approximate the delta distribution, centerec.at
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Inversion Formula for the 3D Cone Beam
Transform|3]

Define operators

Talw) = [, 0(0)9'6.w) ®
[Mrh(a.0) = & o) mw.(a.0)) hw). ©

with m = 1/n, nthe Crofton symbol and we get

1

f = QD*TlMFTlDf, (7)
1

Yy = @TerTlDey. (8)

Explicit formula for the reconstruction kernel.

Starting point for the above inversion formula was fleemula of
Grangeall]

0

I Rf(w. s)‘ —_ f Df(a, 6)5 ({6, w)) do. (9)
Js s=(a.w) S?

Computing the reconstruction kernel

Gaussian as mollifier

2L
ey(X,y) = (27) 3 e 27, (10)
-1/2 1, 2
T1De,(a, w, X) = (2”)3 e 227 Ay Wy, (11)
Y

Seth = 2, hencan = 1/2.

Analytical formula for reconstruction kernel

y(@.0.9 = 52| P2{ a.0) - 202~ x.0) o)

1 , (12)
o f oP[pt-1] 4 04 (3 — X, 0) epl[pz—lll,
0
@ = i, C = (27r)_3/2i,
2y? y
p1 = alla—x—(a-x 6)6|°,
o (a—-x—(a—x0)0,a—(a,6)6)?
2 = —. : )
la— (& 6)6l1°lla— x—(a-x,6)d|°
p3:=(@a-x—(@a-x6)6,a—(a,0)6),
Py = lla— (&, 6) 6.
If 0 lies parallel to k — a), this simplifies to
cC . 5
Uy(a,0,X) = —5-lla—(a 60)6lI"(a-x0). (13)

Computing Reconstruction Kernels for
circular 3D Cone Beam Tomography

A. K. Louls, T. Weber and D. Theis

Institute for Applied Mathematics, Saarland University, P.O. Box 15 11 50, 66041 Saarbrlcken, Germany

Numerical results
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Figure 2: Reconstruction kernel
with y = 0.01 and 513 ele-

ments.
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Figure 3: Reconstruction kerne
with v = 0.00165.

Reconstructions from real data

Data were

kindly

(nttp: //www.izfp.thg.dg).
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Figure 4.
heightz = —-0.22.
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Measurement parameters

Detector array
Projections
Source — Detector
Source — Object

1024x 1024
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~ 126 cm
~5.1lcm

Reconstruction parameters
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Reconstruction gridl000x 1000
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Figure 5: Reconstruction a
heightz = —0.28.

Figure 6:
busfsculpture

Original

Figure 7: Test object, consist
Ing of sheets of aluminium and
adhesive, sliced at = 0.
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